This paper conducts a broad-based comparison of iterated and direct multi-period forecasting approaches applied to both univariate and multivariate models in the form of parsimonious factor-augmented vector autoregressions. To account for serial correlation in the residuals of the multi-period direct forecasting models we propose a new SUREbased estimation method and modified Akaike information criteria for model selection. Empirical analysis of the 170 variables studied by Marcellino, Stock and Watson (2006) shows that information in factors helps improve forecasting performance for most types of economic variables although it can also lead to larger biases. It also shows that finitesample modifications to the Akaike information criterion can modestly improve the performance of the direct multi-period forecasts.
Introduction
Economists are commonly asked to forecast uncertain outcomes multiple periods ahead in time. For example, when the economy is in a recession a policy maker may wish to know how long it might take before a recovery begins, and so is interested in forecasts of output growth for, say, horizons of 1, 3, 6, 12, and 24 months ahead. Similarly, fixed-income investors are interested in comparing forecasts of spot rates multiple periods ahead against current long-term interest rates in order to arrive at an optimal investment strategy, and stock market investors may consider the effect of demographic variables on expected returns and risks at both short and long investment horizons (Favero and Tamoni, 2010) .
Two basic strategies have been proposed for generating multi-period forecasts. The first approach is to estimate a dynamic model for data observed at the highest available frequency, e.g. monthly, and then use the chain rule to generate forecasts at longer horizons. Under this "iterated" or "indirect" approach, the model specification is the same across all forecast horizons; only the number of iterations changes with the horizon. Univariate ARMA models or their multivariate VARMA equivalent, are usually used in the iterations. The second approach is to estimate a separate model for each horizon, regressing future realizations on current information. Such "direct" forecasts dispense with the need for forward iteration. Under this approach, both the model specification and estimates can vary across different forecast horizons.
Both approaches have advantages and drawbacks. For a given model specification the iterated approach leads to more efficient parameter estimates since it includes data recorded at the highest available frequency and so uses the largest available sample size. If the model is misspecified, due, for example, to an omitted variable or because of an incorrect lag order, iterating the model multiple steps ahead can either attenuate or reduce existing biases. Direct forecasts are less efficient, but also more likely to be robust to model misspecification as they are typically linear projections of current realizations on past data. Direct forecasts introduce new problems, however, due to the overlap in data when the forecast horizon exceeds one which affects the covariance of the forecast errors.
Given the importance of the horizon to many forecasting problems, it is not surprising that a substantial theoretical literature has considered the multi-step forecasting problem, including Bao (2007) , Cox (1961) , Brown and Mariano (1989) , Clements and Hendry (1998) , Findley (1983) , Hoque, Magnus and Pesaran (1988) , Ing (2003) , Schorfheide (2005) , and Ullah (2004) , with Bhansali (1999) providing a survey. This literature has examined the bias-efficiency trade-off in the context of specific models such as stationary first-order or higher-order autoregressive models. Whether the direct or iterated approach can be expected to produce the best forecasts will generally depend on the sample size, forecast horizon, the (unknown) underlying data generating process and the methods used to select lag length for the forecasting models (Ing, 2003) . In general, no approach can be shown to uniformly dominate the other so, as pointed out by Marcellino, Stock and Watson (2006) (MSW, henceforth) , the relative merit of the iterated versus direct forecasting methods is an empirical question.
For multivariate forecasting models additional issues complicate the comparison of the direct and iterated forecasting approaches. First, it becomes important how the potentially high-dimensional variable selection search is conducted and how multi-step forecasts of additional predictor variables are generated under the iterated approach. For multivariate specifications of even modest dimension, a global model specification search very rapidly becomes intractable unless the problem is further constrained: with d potential regressors, there are 2 d different linear models and with d easily in the hundreds it is infeasible to evaluate every possible model. To deal with this dimensionality problem, we propose a factor-augmented VAR approach to iterated forecasting that builds on the work by Bernanke, Boivin and Eliasz (2005) and Stock and Watson (2005) . This limits the model specification search to consider inclusion of only a few common factors extracted from different categories of economic variables. In addition to past values of the predicted variable itself, relatively few potential predictors therefore need to be considered.
A second issue that has not previously received much attention in this context is the serial correlation in the errors of the direct forecast models, which arises due to the use of overlapping data. This raises issues at the estimation and the model selection stage. We propose a SURE estimation approach that reorganizes the data in non-overlapping blocks of observations spaced apart by the length of the forecast horizon. We show how to compute the resulting covariance matrix under this approach which holds the potential of efficiency gains over conventional direct forecasts. We also propose modifications to the Akaike information criterion that account for serial correlation in residuals from the forecast models. Monte Carlo simulations confirm that the modifications to the AIC and the SURE approach both lead to improvements in the performance of the direct forecasting models.
In an empirical exercise we consider the 170 variables studied by MSW. We confirm their finding that the iterated forecasts are best overall among the univariate forecasting methods, particularly at long horizons where the inefficiency of the direct forecasting method is most prominent. We also find that forecasts generated by the factor-augmented VARs generally perform better than the univariate forecasts, an important exception being variables tracking prices and wages. This suggests that it is helpful to extend the forecasting models beyond purely univariate schemes and include the multivariate information that is embedded in common factors. Among the direct forecasts, in the majority of cases, both, the modified Akaike information criteria and the SURE approach, help improve forecasting performance.
In summary, the main contributions of the paper are as follows: First, we propose a factor-augmented forecasting approach that extends to the multivariate setting iterated methods previously considered in a univariate context. Second, we propose a new SURE estimation method that accounts for the data overlap that arises at multi-period horizons under the direct forecast approach. Third, we extend the AIC to account for the overlap introduced by the direct forecasting method which affects the covariance of the forecast errors and so can lead to different models being chosen in small samples. Fourth, we study the forecasting performance of both extant and new model selection and forecasting methods through Monte Carlo simulations. Finally, we present an empirical application that considers recursively generated forecasts of the economic variables included in the study by MSW and extends their study to a multivariate setting.
The outline of the paper is as follows. Section 2 sets up the multi-period forecasting problem for univariate and multivariate cases, while Section 3 deals with model selection and estimation issues. Section 4 presents Monte Carlo results, while Section 5 describes our empirical findings using the Marcellino et al. data set. Section 6 concludes.
Methods for Multi-period Forecasting
Suppose a forecaster is interested in predicting a K × 1 vector of target variables y t+h = (y 1,t+h , y 2,t+h , . . . , y K,t+h ) 0 by means of their own past values and the past values of an additional set of M potentially relevant predictor variables, x t = (x 1t , x 2t , . . . , x Mt ) 0 . Typically K is small, often one or two, but M could be very large.
The forecaster's horizon, h, may be a single period, h = 1, or may involve several periods, h > 1. Iterated forecasts use a single model fitted to the shortest horizon and then iterate on this model to obtain multi-step forecasts. Direct forecasts regress realizations h periods into the future on current information and estimate and select a separate forecasting model for each horizon.
For purposes of calculating one-step-ahead forecasts under the iterated approach, the regressors are treated as conditional information and so how they are generated is not a concern. This also holds under the direct forecasting approach irrespective of the forecast horizon. In contrast, when applying the iterated forecasting approach to multi-period horizons, h > 1, the regressors themselves need to be predicted since such values in turn are required to predict future values of y t .
Multi-step Forecasts with Factor-Augmented VARs
In cases where M is relatively small one approach is to treat all variables simultaneously, i.e. model (y 0 t , x 0 t ) 0 jointly. Multi-period forecasts of y t can then be obtained by iterating on a VAR of the form µ y t
where Λ(L) is a matrix lag polynomial of finite order. In the common situation where M is large while the time-series dimension of the data is limited, this approach is unlikely to be successful due to the high dimension of Λ(L), particularly the parts tracking dynamics in the large-dimensional vector x t .
To deal with this issue, a conditional factor-augmentation approach can be used. Under this approach, the large-dimensional x t -vector is condensed into a subset of factors, f t , of dimension m < M, that summarize the salient features of the larger-dimensional data. A factor-augmented VAR (FAVAR) based on the variables z t = (y 0 t , f 0 t ) 0 can then be used:
where the finite-order matrix lag polynomials are
Notice the asymmetric treatment of y t and f t under this approach: future values of the factors are generated using only current and past values of the factors themselves. The y-variables are therefore not used to predict the factors, while the factors are used to predict the y-variables. For illustration, suppose that the K × 1 vector of target variables, y t , is generated according to the following factor model
where f t is a vector of unobserved common factors, while μ, A, B, and Σ are unknown coefficient matrices. Using this model to predict y t+h given information at time t requires a forecast of the factors whenever h ≥ 2. Despite the dynamic nature of the above model, we follow Stock and Watson (2002) and estimate f t by the principal component (PC) procedure, although one could equally employ the dynamic factor approach of Forni et al. (2005) . A key question when using factor models is the choice of the number of factors. This can be determined, for example, by using the information criteria (IC) proposed by Bai and Ng (2002) . In practice there is considerable uncertainty surrounding the number of factors to be used, and as pointed out by Bai and Ng (2009) , the use of IC is based on the assumption that the factors are ordered as predictors of the regressors x t , an ordering that might not be appropriate for predicting the target variables, y t .
In view of these concerns we adopt a hierarchical approach where we first divide all variables into economically distinct groups and then select the first PC from each of the categories. All the computations are carried out recursively with rolling estimation windows of length w, so no future information is used in the construction of the factors. We denote the recursively estimated PCs byf t , t = R, . . . , T − h, where t is the point in time where the factors are computed, R ≥ w is the length of the initial estimation sample, and T is the total sample length. Hence, at time t we use data over the sample t − w + 1 : t to extractf t .
Only those factors that help predict y t are relevant and should be included in the model. This may be a subset,f 1t , of the full set of factors, f t , under consideration. One then has to choose whether to use the full set of factorsf t = (f 1t ,f 2t ) to predict the subset of factors,f 1t , selected when forecasting y t+h , or whether to use only lagged values off 1t to predict their future values. The choice would depend on the number of available factors. In the empirical application below where we consider five factors we use all factors to forecast future values off 1t .
Iterated System Forecasts
To generate multivariate forecasts we first select the relevant subset of factors and the lag lengths p and q using the conditional model:
We determine the lag orders p and q and the subset of m 1 factors from the total set of m factors by applying IC to the likelihood of y t . For simplicity, we obtain forecasts only from the full set of m = m 1 + m 2 factors. Hence we first select a VAR(s) model inf t where the value of s is determined by some IC, again applied recursively:
Next, to compute h−step-ahead forecasts of y t , we simply combine the conditional and marginal models:
which, recalling that z t = (y 0 t ,f 0 t ) 0 and ξ t = (u 0 t , ν 0 t ) 0 , is consistent with equation (2) . Notice that the selection of factors in the conditional model (4) is reflected in zero-restrictions on B 1 , B 2 , . . . , B q , where the columns corresponding to the factors that are not selected are set to zeros. The factor-augmented VAR in z t can then readily be iterated forward. 1 
Univariate Forecasts
Univariate forecasts are a special case of the multivariate forecasts described above. Nevertheless, it is worth briefly clarifying how such forecasts are computed.
For example, with p lags the iterated univariate forecast of y t+h given information at time t iŝ y t+h =α +β 1ŷt+h−1 +β 2ŷt+h−2 + . . . +β pŷt+h−p , t = R, ...., T − h whereŷ t+h−p = y t+h−p if h ≤ p and the parameters are estimated from the regression model by OLS
Under the direct approach, for a given horizon h, and a given lag length, p, the parameters are estimated from the regression
and the forecast iŝ y t+h =α h +β 1h y t +β 2h y t−1 + . . . +β ph y t−p .
Estimation and Model Selection
Two important econometric issues arise in the context of multi-period forecasting. First, the direct forecast models introduce overlaps in the observations and give rise to a particular dependence structure which, if imposed on the estimation, could lead to efficiency gains. Second, for both iterative and direct forecasts, how a particular model is chosen by the forecaster is of great importance given the large dimension of the set of potentially relevant predictor variables. In this section we discuss both issues, first presenting a new SURE estimation procedure that may lead to efficiency gains and next considering a variety of information criteria, including modified ones that deal with serial dependence in the errors.
Estimation
Overlaps in the data associated with the direct forecasting models introduce serial dependence in the errors. Even if the underlying errors are serially uncorrelated, the errors associated with an h-period overlap typically follow an MA(h − 1) process. This suggests that estimating VARMA models could be beneficial. However, we do not follow this direction for two reasons. First, estimation of VARMA models is not a very common undertaking in the forecasting literature and thus goes against our focus on evaluating forecasting methods in common use. Second, VARMA models have stability and convergence problems for the types of multivariate models considered in our paper, which can be of large dimension, and require extensive specification searches; see Athanasopoulos and Vahid (2008) for further discussion of these points.
Instead, we propose using SURE estimation which leads to some efficiency gains as it exploits the information of the MA structure of the error even if it implies a more heavily parameterized model. Consider estimation of the following direct forecasting model
and suppose that u t follows an (h − 1) order moving average process
The regressors, z t−h , include y t−h , y t−h−1 , . . . , y t−h−p for some order p, and estimated factors dated t − h or earlier, i.e.f t−h , . . . ,f t−h−p . When the direct regression is derived from an underlying VAR(p) in y t andf t the regression coefficients, β, and the MA coefficients θ = (θ 1 , θ 2 , . . . , θ h−1 ) 0 are related, and fully efficient estimation of (6) must allow for such crossparameter restrictions. This type of restrictions can be implemented by assuming that β and θ are both functions of a set of deeper parameters, φ, with estimation of β(φ) and θ(φ) carried out directly in terms of φ. To simplify the notations, we suppress the explicit dependence of β and θ on φ. Imposing such restrictions on the system of direct forecasting models simply helps recover the original parameter values from the iterated forecasting model. Since the latter efficiently uses data at the highest frequency, maximum likelihood estimates from joint estimation of the mutually consistent h-step direct forecasting models is identical to estimation of the parameter estimates from the one-step-ahead model, which of course is far more easily achieved. In scenarios where the direct forecast would dominate the iterated forecast, e.g., because the forecasting model is misspecified, using the parameters of the iterated forecast model for the covariance matrix may be undesirable. As for the model parameters, it may therefore be better to estimate the covariance matrix directly without imposing the parameter restrictions on the iterated forecast.
Asymptotically efficient estimates of β can be computed by applying maximum likelihood directly to the overlapping regressions for t = 1, 2, . . . , T , allowing for the MA(h − 1) process of the errors. Alternatively, one could consider estimating β from pooled regressions of h non-overlapping regressions. Suppose that T is an exact multiple of h and set n = T/h. Let z ij = y j+(i−1)h and decompose the overlapping regressions in (6) into the following h non-overlapping regressions
. . , n, and j = 1, 2, . . . , h,
where
we have two non-overlapping regressions: one for the odd observations,z i1 , and another for the even observations,z i2 , for i = 1, 2, . . . , n.
For each j the errors v ij are serially uncorrelated across i and the least squares regression ofz j = (z 1,j ,z 2,j , . . . ,z n,j ) 0 on W j = (w 0,j , w 1,j , . . . , w n−1,j ) 0 yields a consistent estimate of β which we denote byβ j . However, this estimate is not efficient and a pooled estimate that utilizes all the h nonoverlapping regressions can be more efficient. The estimates across the h non-overlapping regressions can be pooled in a number of ways, e.g., with a simple or a weighted average ofβ j , over j = 1, 2, . . . , h, with weights based on the relative precision of the different estimates.
Alternatively, the h regressions in (8) can be viewed as a set of seemingly unrelated regression equations (SURE), allowing for the cross dependence of the errors v ij across j for each i . Specifically, consider the regressions
which in stacked form can be written as
To derive the covariance matrix of v we first note that v j = (u j , u j+h , u j+2h , . . . , u j+(n−1)h ) 0 , and denote the autocovariance of {u t }, which follows an MA(h − 1) process, by γ(s), where γ(s) = γ(−s) = 0 for s ≥ h. It is now easily seen that E(v j v 0 j ) = γ(0)I n , where I n is an identity matrix of order n. Similarly, if s > r,
Therefore, the covariance matrix of v is given by
The log-likelihood function of the SURE specification is now given by
The unknown parameters can be obtained by maximization of the loglikelihood function. In particular
This maximum likelihood procedure is equivalent to the maximum likelihood estimation of the original overlapping regression in equation (6) with errors following the MA(h − 1) process, (7) . To see this let y = (y 1 , y 2 , . . . , y T ) 0 , and note that since the elements of z are selected from the elements of y without repetition then there exists a non-singular T × T selection matrix P such thatz = Py. Hence the log-likelihood functions based on y andz must be the same, and the covariance matrix in (10) is equivalent to using a GLS covariance matrix after reordering the observations. Maximum likelihood estimation of β under the SURE approach suggests intermediate procedures that are computationally less extensive and relatively easy to implement. One possible approach would be to estimate Σ v (θ) using consistent estimates of γ(s) obtained fromû t = y t −β 0 LS z t−h whereβ LS is the first-stage least squares estimates of β computed from the overlapping regressions. Hence 2
Alternatively, we could apply the standard SURE estimation to (9) subject to the restrictions β j = β for all j = 1, 2, . . . , h and use the covariance matrix Σ h ⊗ I T/h , where Σ h is the covariance matrix of the SURE system (9) without accounting for the restrictions in (10) . This procedure provides an efficient way of pooling the h different consistent estimates of β but does not take account of the specific form of the cross dependence of the errors from the different non-overlapping regressions. Monte Carlo experiments not reported here but available from the authors suggests that this leads to an inferior forecast performance and we will therefore not consider this approach.
In the Monte Carlo simulations and empirical analysis we use the first approach and the likelihood function (11) to calculate the information criteria. In order to obtain robust estimates of γ(s) we estimate them nonparametrically using a Bartlett window. Additionally, we down-weigh the covariances γ(s) by (1− s h ). To robustify the calculation of the forecasts, one can use the SURE approach in the model selection stage, but then use OLS estimation for the selected model. Numbers reported in subsequent tables are based on this combination, but results are very similar without this modification.
Model selection
We consider two model selection criteria, namely the AIC and BIC. Both are commonly used in forecasting studies and have well known properties: AIC achieves a good approximate model as the sample size expands even if the true model is not contained in the universe of models under consideration. However, it is not a consistent criterion and so does not select the true model with probability one, asymptotically, if it happens to be included in the search. In contrast, BIC is a consistent model selection criterion if the true model is one of the models under consideration.
The iterated forecasting models can be selected either on the basis of single equations or using a system of equations. For the direct forecasting models a decision has to be made whether or not to correct for the overlap in the observations that affects the sample covariance matrix of the forecast errors.
Iterated Forecasts
Individual models in the specification search select different subsets of z t−1 = (y 0 t−1f 0 t−1 ) 0 . We consider the following criteria. First, we apply AIC or BIC recursively to the single equation (K = 1) containing the variable of interest, i.e., at time t, for a particular model we have:
where d is the dimension of the vector containing the subset of z t−1 selected by the model under consideration,û 0 t−w+2:t is a (w−1)×1 vector of estimated residuals from the rolling-window estimation with typical elementû t = y 1,t − β 0 t z t−1 , andβ t is estimated using the most recent w observations up to period t. 3 Similarly, for K > 1, we have
whereΣ t is the K × K estimated error covariance matrix
Y t is the (w − 1) × K matrix of stacked y t = (y 1t , y 2t , . . . , y Kt ) 0 , and Z t−1 is the observation matrix formed by stacking z t−1 over the w − 1 observations indexed by t − w + 2, t − w + 3, . . . , t.
Direct Forecasts
The direct forecasting models that are not based on the SURE system (9) are selected based on either AIC or BIC
whereû t−w+1+h:t is a (w − h) × 1 vector of estimated residuals with typical elementû t = y 1t −β 0 t z t−h . For h > 1, the overlap in the forecasts will produce autocorrelation in the residuals. This should be accounted for in small samples when calculating the information criteria. Here we consider two ways to calculate the corrections for the case where K = 1. To motivate these, assume that the h−step forecast model takes the form in equation (6) estimated using the observations t = 1, 2, . . . , T , and denote the least squares criterion for estimating β by
, where expectations are taken with respect to the true conditional density of y t , and denote the j th derivative of Q(β) by Q (j) (β). Moreover, let β 0 be the true value of β, and its estimate given byβ = arg min β [Q(β)]. Using these notations, we have that Q
Define Q 0 (β) as the loss incurred by using the estimated parameterβ instead of the unknown true parameter, β 0 . Then
Second order Taylor expansions yield
Q 0 (β) = Q 0 (β 0 ) + (β − β 0 ) 0 Q (2) 0 (β 0 )(β − β 0 ), Q(β) = Q(β 0 ) + (β − β 0 ) 0 Q (1) (β 0 ) + (β − β 0 ) 0 Q (2) 0 (β 0 )(β − β 0 ) .
Taking expectations of the last equation yields
and therefore
and therefore (for a given set of regressors)
If the errors u t were IID, this would give the standard penalty term K. However, in overlapping forecasts the errors will be autocorrelated and the expression will not collapse to K in small samples.
Building on this result, we first consider a band diagonal modified AIC that takes the form
. S h is a matrix with h on the diagonal, h − 1 on the first diagonal above and below the main diagonal, h − 2 on the second diagonal above and below the main diagonal etc., i.e.
This formulation aims at capturing the MA(h − 1) form of the error process in the overlapping regressions but assumes that the serial correlation in the underlying (non-overlapping) observations is negligible. The second approach uses an estimated covariance matrix. In particular, we use the Newey-West (1987) covariance matrix to obtain the correction. This yields the modified AIC:
whereΠ =Σ
w−h´,Ω is the long-run variance of the residuals as estimated by the Newey-West covariance matrix with the bandwidth set to min(h, w 1/3 ).
When selecting the models based on the SURE system in (9), standard formulations of AIC and BIC with likelihood (11) can be used. The unknown parameters of the covariance matrix need not be included in the penalty term as models are compared only for the same forecast horizon, so the number of parameters in the covariance matrix will be the same across models.
Monte Carlo Simulations
We next turn to Monte Carlo simulations as a means to evaluate the performance of the various model selection and estimation approaches under two data generating processes (DGPs). For both DGPs we consider situations with a single target variable, K = 1, and m factors which yields the following VAR model for
where b = 1, 2, . . . , B tracks the replications in the Monte Carlo experiments. We set Σ m+1 to a block-diagonal matrix, where the first block corresponds to the target variable and the second block to the m × m covariance matrix of the factors. The goodness of fit of the prediction equation (the first row of (18)) is controlled by the parameters α, ρ, γ, A and Σ m+1 . We set α such that the population R 2 for y 1t , denoted R 2 y , is either 0.2 or 0.8, representing low and high predictability scenarios, respectively. Assuming that the eigenvalues of A lie inside the unit circle, it is readily seen that Cov(f b) t ) = I m provided that the part of the covariance matrix Σ m+1 that corresponds to the factors is set to (I m − AA 0 ). From (18) we see that
where σ 2 ε 1 is the variance of the innovation to y 1t . For a given choice of R 2 y , ρ and γ we then have (setting σ 2 ε1 = 1)
.
In practice, the factors are unobserved and forecasters will extract estimates of these from a panel of observed variables. We generate M j variables for each factor j, j = 1, 2, . . . m, in a hierarchical fashion, which corresponds to the estimation of the factors in the empirical analysis,
where M j = 30 for all j. λ ji is set such that R 2 jx = 0.5 in the low predictability scenario and 0.8 in the high predictability scenario:
where λ j = (λ j1 , λ j2 , . . . , λ jM j ) 0 .
Data are generated for window sizes of w = 60, 120, and 240 observations which in turn are used to compute forecasts for period w + h. We consider forecast horizons of h = 1, 3, 6, 12, and 24 periods.
Data Generating Process 1
The first DGP assumes that all variables contain useful information for predicting the variable of interest (always the first variable) and so the onestep-ahead forecast should select all variables. Moreover, we set m = 2 and choose the remaining parameters as follows
Data Generating Process 2
Under the second DGP, iterated multi-step forecasts can be expected to be inefficient because they select models that produce good one-step-ahead forecasts and a factor in the DGP is only helpful for longer horizon forecasts. Specifically, the parameters for the second DGP are set to m = 3 and Notice that f 1 helps predict y 1 , but f 1 is in turn not itself predictable by means of past values of y 1 . Moreover, f 2 neither predicts nor is predicted by y 1 but f 2 predicts f 1 and therefore may help predict y 1 over medium horizons. Finally, the most persistent factor, f 3 , indirectly helps predict y 1 through its ability to predict f 2 .
Forecasts
We generate forecasts from both univariate and multivariate models. The univariate forecasts are based on AR models with lag length up to p max = 12. The multivariate models consider all regressors in the DGPs with the maximum lag length restricted to p max = 2.
In each case forecasts are based on the model selected by one of the criteria discussed in the previous section. Iterated forecasts are then calculated as follows:
ht is the subset of regressors that are selected for the h-step ahead forecast.
Forecast errors are calculated aŝ
Forecasting performance is measured by the mean squared forecast error (MSFE) computed as
t+h is eitherê
Summary of Monte Carlo Results
Results from the Monte Carlo simulations are reported in Tables 1 and 2 .
To study how the degree of predictability affects the findings, each table contains a panel with R 2 y = 0.2 and R 2 x = 0.5, and a panel with R 2 y = R 2 x = 0.8. The former is closer to the empirical results that we obtain, while the second scenario is more relevant for highly persistent variables.
First consider the results in Table 1 for the data generated under DGP1. For both the univariate models and the FAVARs, the iterated approach dominates the direct approach. This is a robust finding that holds across estimation sample sizes (w = 60, 120, and 240), information criteria (AIC versus BIC), and forecast horizons (h = 3, 6, 12, and 24). Moreover, in this case the performance of the different methods can largely be explained by the effect of parameter estimation error: the relative performance of the direct to the iterated forecasts improves with the length of the estimation window, w, since it becomes less costly to use an inefficient estimation method in the larger samples. Conversely, for a fixed estimation window, w, the relative performance of the direct approach worsens as h increases since fewer observations are effectively available to estimate the parameters of the direct forecast model.
Turning to a comparison of the univariate and multivariate forecasts, under the iterated approach FAVAR-models selected by the simple AIC or BIC produce better forecasts on average than their univariate counterparts. The dominance of the iterated FAVAR models selected by the AIC is more pronounced in the high predictability scenario (R 2 y = 0.8) where the parameters of the model are more precisely estimated. Interestingly, the direct forecasts from the FAVAR models only dominate the direct univariate forecasts in the high predictability scenario.
For the longer horizons (i.e., h ≥ 6), the modifications to the AIC work well as the data overlap becomes more pronounced and serial correlation in the errors is attenuated. In particular the band diagonal modified AIC, defined by (16) , improves over the simple direct AIC in 3 of 6 of the FAVAR cases shown in Table 1 when h = 6, while this number rises to 5 out of 6 cases when h = 24. Interestingly, the band diagonal approach is generally more successful at reducing the MSFE-values than the Newey-West approach. The SURE approach provides an even better forecast performance and improves in 4 out of 6 cases over the simple direct AIC when h = 6 and in 6 out of 6 cases when h = 24.
Turning to the second DGP, Table 2 now shows a few cases for h = 3 where the direct FAVAR forecasts produce better performance than the best iterated forecasts. It is clear from this DGP, however, that the degree of misspecification has to be quite large for this to happen. The table also shows continued gains from using the SURE approach and the band diagonal covariance adjustment to the conventional AIC.
Empirical Results
In their empirical analysis, Marcellino, Stock and Watson (2006) (MSW) found that iterated univariate forecasts generally outperform direct univariate forecasts. Furthermore, they found that the relative performance of the iterated univariate forecasts improves with the forecast horizon.
MSW studied univariate and bivariate VARs with lag orders either fixed or selected by AIC or BIC. Apart from the search over lag orders, they did not, however, conduct a broad model specification search involving multivariate models. This leaves open the issue of how robust their findings are to a broader model specification search. We consider this question using the same data as in the MSW study which comprises 170 U.S. macroeconomic time series measured at the monthly frequency over the period 1959-2002 (528 months). 4 
Data Transformations
Following MSW, all variables are transformed by differencing a suitable number of times to achieve stationarity for estimation and model selection. 5 In a second step, forecasts are transformed back to levels and compared to level variables. We briefly explain how the forecasts are computed under the direct and iterated approaches using the autoregressive models as an illustration.
Denote the variables in levels by x t and differenced variables by y t . AR forecasts can be computed as follows. Under the iterated approach, y t+h is predicted andx t+h is constructed from x t andŷ t+h . The forecasts from the AR model are based on the sample y t−w+1 , y t−w+2 , . . . , y t . Here y t = x t if the variable is I(0), y t = ∆x t if the variable is I(1), and y t = ∆ 2 x t if the variable is I(2). For each variable we use the same order of integration as MSW.
Under the iterated approach the forecast of x t+h is constructed from the forecast of y t+h , x t , and ∆x t as followŝ
Similarly, under the direct approach, the forecast of x t+h is constructed from the forecast of y t+h , x t , and ∆x t as followŝ
Setup
Forecasting is performed recursively, begins in 1979M1 (with a minimum of w observations before forecasting) and runs until the end of the sample 2002M12. This yields up to 286 forecasts for h = 3, and so on. Forecasts are reported for horizons of h = 3, 6, 12, and 24 months. Two window lengths are used for estimation, namely w = 120 and w = 240, that is, 10 and 20 years of data. Fixing the window length allows us to better understand the role of estimation error in the relative performance of the various approaches.
To address the effect of model selection on the multivariate forecasts, we extract factors from the 170 series arranged into five groups, namely (A) one factor for "income, output, sales, capacity utilization" (38 variables); (B) one factor for "employment and unemployment" (27 variables); (C) one factor for"construction, inventories, and orders" (37 variables); (D) one factor for"interest rates and asset prices" (33 variables); and (E) one factor for "nominal prices, wages, and money" (35 variables).
To avoid any look-ahead biases, the factors are estimated recursively. We then obtain forecasts of the factors from VARs fitted to all five factors with lag orders chosen by AIC or BIC and p max = 2. The search over FAVAR models is thus conducted over specifications that include own lags as well as those of the factors. The space of models is limited as follows. For the univariate autoregressive models the possible lag lengths are p = 0, 1, 2, . . . , 12, where p = 0 is an intercept only model. For the factoraugmented VAR models we search across five factors with zero, one or two lags in addition to an intercept. For computational simplicity the lag length is restricted to be the same for y it andf it .
Forecasting Performance
Empirical results are summarized in Tables 3-9 . We present MSFE-values averaged across all 170 variables (Table 3) as well as subsets of these (Table  8 ). Since these could be dominated by extreme values for individual variables, we also report the proportion of cases (again out of the 170 variables) where a modeling approach either dominates the benchmark univariate iterated forecasting model selected by the AIC (Table 4) , or an approach is best overall for a given variable (Table 5 ). To evaluate statistical significance, we conduct pairwise comparisons of the forecast precision of various approaches against the benchmark univariate iterated models selected by the AIC using the approach suggested by Giacomini and White (2006) (Table 7) . Finally, we report the separate magnitude of the squared bias component in the MSFE in order to understand whether the performance of a given forecasting approach is driven by its bias or by imprecision in the forecasts (Tables  6 and 9 ). Table 3 shows the relative forecasting performance (measured by MSFE) of the iterated and direct methods averaged over all 170 variables included in the MSW data set. The iterated univariate forecasts based on models selected by the AIC are better on average than the direct ones, particularly at long horizons (h = 12 and 24 months) and when the estimation window is short (w = 120). Conversely, in the large estimation sample (w = 240) the direct univariate forecasting models selected by the more parsimonious BIC perform better than the iterated forecasts selected by this criterion. To understand this, recall that the iterated forecasts are more efficient and therefore tend to have a lower estimation error. Such errors are most important for large models (AIC penalizes large models less than the BIC) and when the sample size is short. 6 In the short sample (w = 120), the iterated models selected by the AIC deliver the best average forecasting performance among the univariate models. In the larger sample (w = 240), however, the best forecasting performance for horizons of 3 and 6 months is produced by the direct forecast approach that uses the AIC modified by using a Newey-West covariance matrix. Once again the univariate iterated approach based on the AIC dominates on average when h = 12 and 24. For the direct univariate forecast models there is only very limited evidence that the SURE estimation approach helps reducing average MSFE-values.
Univariate Models
The average MSFE-values reported in Table 3 may be dominated by the most volatile variables and could provide an incomplete picture of relative forecasting performance. To deal with this, Table 4 shows the proportion of the 170 variables for which the iterated univariate AR forecasts based on models selected by the AIC generate a larger MSFE than the various alternatives. We use the iterated univariate forecasts selected by the AIC as our benchmark given the earlier evidence that this approach generally selects good univariate models, a finding corroborated by the results reported by MSW.
Among the univariate forecasts, in the small sample (w = 120), only the iterated forecasts based on models selected by the BIC produce a majority of cases that outperform the iterated AIC, and only then for h = 3 or h = 6 months. In the longer sample (w = 240) the direct forecasts based on the AIC, whether modified or not, also produce lower average MSFE-values for the majority of variables at horizons of 3 and 6 months. Table 5 shows the proportion of cases (averaged across the 170 variables) where each of the respective methods produces the lowest MSFE value. Among the univariate approaches only the iterated AIC and the iterated BIC produce a sizeable proportion of variables with the lowest MSFE-value, particularly for the short estimation window (w = 120) and at the longest horizons.
From a theoretical perspective it is unclear whether the iterated approach leads to greater (squared) biases than the direct approach. To shed empirical light on this issue, Table 6 reports the squared forecast bias as a ratio of the MSFE of the benchmark iterated univariate forecast models selected by the AIC. For all methods the squared bias grows as a proportion of the MSFE of the benchmark model when the forecast horizon is extended. Interestingly, at short horizons (h ≤ 6) the squared bias component of the iterated forecasts based on models selected by the AIC is slightly larger than that of the direct approaches, while conversely the relative bias of the iterated AIC models is smaller at the two longest horizons (h = 12, 24). The iterated forecast models selected by the BIC generate a comparatively large bias that exceeds that generated by the direct forecast models selected by the BIC, suggesting that the parsimony of these models comes at the expense of a larger bias.
Multivariate Models
Turning to the factor-augmented VAR models, Table 3 shows that the iterated forecasts continue to do better on average than the direct FAVAR forecasts when a short estimation window (w = 120) is used. These results are frequently overturned, however, when the long estimation window (w = 240) is used. In the latter case, the direct forecasting method is better for forecast horizons of h = 3, 6 and 12 months irrespective of which information criterion is used, and also for h = 24 months under the diagonal modified AIC method or the SURE estimation approach. 7 For the factor-augmented models, Table 3 shows that the band-diagonal modification to the AIC helps improve on average the performance of the direct forecasts across all horizons and for both estimation windows (w = 120 or w = 240). The Newey-West modification is less consistent in improving on the conventional AIC method. Moreover, in contrast with the univariate models, the SURE approach generally improves the direct FAVAR forecasts, particularly in the larger sample (w = 240).
Comparing the average forecasting performance across both univariate and multivariate models, at the shortest horizon (h = 3) the SURE method based on the BIC produces the lowest average MSFE-values when w = 120. Similarly, when w = 240, the direct forecast models estimated by SURE produce the best performance for h = 3 and h = 6 months. In all other cases, the univariate iterated forecast models selected by the AIC produce the lowest average MSFE values. These results are somewhat dominated by extreme cases, however. Table 4 shows that, for a majority of the 170 variables the iterated FAVAR forecasts based on models selected by AIC or BIC produce lower MSFE values than the univariate iterated forecasting models selected by AIC. Table 5 shows additional evidence that the iterated FAVAR models perform well. The multivariate iterated forecasting models selected by the AIC or BIC produce the lowest MSFE-values around 40% of the 170 variables. This is a greater share than is recorded by other methods, although the SURE approach also performs well at the shortest horizon (h = 3). Table 6 shows that the squared bias associated with the FAVAR models tends to be relatively greater than the bias found for the univariate models. Moreover, for the multivariate models the iterated approach tends to produce relatively larger biases than the direct forecast approach.
In conclusion, for the majority of variables the iterated FAVAR models generate smaller forecast errors than the best univariate approach. There is less evidence in favor of the direct forecasting models: only for w = 240 and h = 3 or 6 months do we find that the direct approach leads to comparable forecasting performance. Overall, these findings demonstrate the value from utilizing multivariate information and also provide evidence that our proposed refinements to the information criteria work in many cases. Table 7 provides test results based on a formal comparison of the benchmark univariate iterated model selected by the AIC with the alternative approaches listed in each row. Tests are based on the methodology advocated by Giacomini and White (2006) which is ideally suited for our purpose since we are conducting pair-wise model comparisons and use rolling window estimators. The table lists the percentage of model comparisons (out of 170) for which the null of equal predictive accuracy is rejected in a two-sided test at a 5% significance level against the alternative that the univariate iterated models selected by the AIC are best or, conversely, that the alternative model is best (listed in brackets).
Model Comparisons
The percentage of cases where the iterated univariate AIC method dominates other univariate forecast methods generally grows with the forecast horizon and is around 5-15% when h = 3 or h = 6 months and 10-20% for h = 12 or h = 24 months. We find far fewer cases where the iterated univariate forecasts selected by the AIC are rejected in favor of alternative univariate methods.
These test results provide statistical evidence that the univariate iterated AIC approach frequently performs significantly better than the other univariate methods and there is little evidence on which to prefer alternative univariate methods.
Turning to the factor-augmented models, the evidence is generally less clear-cut, with the proportion of significant cases where the iterated univariate AIC forecasts are preferred over other approaches such as the direct AIC forecasts, generally being more balanced, at least at the short horizon. In most cases, however, the iterated univariate AIC forecasts continue to reject alternative approaches more often than it gets rejected itself. Exceptions to this are the iterated FAVAR models based on either the AIC or BIC which reject about as often as they themselves get rejected by the univariate iterated models based on the AIC.
Results by Variable Categories
The empirical results turn out to be quite similar for four of the five categories of economic variables, namely (A) income, output, sales and capacity utilization, (B) employment and unemployment, (C) Construction, inventories and orders, and (D) interest rates and asset prices. In contrast, quite different results are obtained for the fifth category, namely (E) Nominal prices, wages and money. For this reason, Tables 8 and 9 present separate results averaged across variables in categories A-D versus category-E variables. Table 8 shows that the benefit from using the multivariate factor-based approach comes out very strongly for the first four categories. For these variables, across almost all sample sizes and forecast horizons, the models selected by the multivariate iterated AIC or BIC produce lower MSFE-values than the univariate iterated AIC approach. Among the direct FAVAR forecasts the modified AIC and SURE methods perform quite well, particularly in the large sample (w = 240.)
Across the first four categories of variables, the multivariate iterated approach based on the BIC performs best for the shortest estimation window (w = 120) when h = 3, 6 or 12 months. When w = 240 the iterated FAVAR approach based on the AIC generates the best results on average, except for when h = 3 where the SURE approach is best. Table 9 shows that forecasts based on these methods are only modestly biased.
In contrast, for the final group of variables, (E) nominal prices, wages and money, the FAVAR approach strongly underperforms against the univariate iterated AIC models. Iterated FAVAR models are particularly poor and are outperformed by their direct counterparts. This suggests that the iterated FAVAR models are heavily biased, a conjecture that is confirmed in Table 9 which reveals massive biases for the iterated FAVAR models at long horizons in particular. The biases associated with the direct forecast models are much smaller.
Conclusion
We compared the performance of iterated and direct forecasts generated by univariate and multivariate (factor-augmented VAR) models. Our simulations and empirical results show an interesting interaction between the length of the estimation window, how strongly a particular model selection method penalizes the inclusion of additional variables, the forecast horizon, the method used to estimate model parameters and the relative performance of the direct versus iterated approaches.
Like Marcellino, Stock and Watson (2006), our results suggest that there is no single dominant approach and that the best forecasting method varies considerably across economic variables. The iterated factor-augmented VAR approach performs considerably better than the best univariate forecasting approach for variables tracking income, output, employment, construction, interest rates and asset prices. Conversely, the univariate iterative models dominate among variables tracking nominal prices, wages and money for which the factor-augmented iterated models produce heavily biased forecasts.
In general, our empirical and simulation results suggest that the degree of model misspecification has to be quite large for the direct forecasts to start dominating the iterated forecasts and that the forecasts generated by autoregressive models of low order−whether factor-augmented or not−are difficult to beat for most economic variables. This is a result of the (squared) bias component generally playing a relatively minor role relative to the important effect of parameter estimation error in the composition of MSFE-values. Consistent with this, the iterated forecasting approach performs particularly well relative to the direct approach when the sample size is small, when using an information criterion such as the AIC that does not penalize additional parameters too heavily and when the forecast horizon gets large. Forecast horizon 3  6  12  24  3  6  12 The Forecast horizon 3  6  12  24  3  6  12 The table reports the squared bias of the different forecasts as a ratio of the corresponding MSFE of the iterated AR forecast based on the models selected by AIC with w = 120, where w is the length of the estimation window. For the model selection methods see the footnote to The table reports the squared bias of the different forecasts as a ratio of the MSFE of the iterated AR forecast based on the model selected by AIC with w = 120, where w is the length of the estimation window. For the model selection methods see the footnote to Table 3 .
